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a b s t r a c t
Nonlinear subgrid-scale (SGS) models using the resolved rate-of-strain and non-persistence-of-straining
tensors are assessed employing an a priori test for turbulent channel ﬂows using Direct Numerical Simulation (DNS) results. The modeled and DNS subgrid stress tensors are compared. The results have shown
that including the non-persistence-of-straining tensor in the tensorial basis of the SGS model leads to a
better representation of the anisotropy of these scales. The near-wall region modeling can be signiﬁcantly
improved when compared to linear models that do not consider the non-persistence-of-straining tensor.

1. Introduction
Turbulence in ﬂuid ﬂows is a complex and nonlinear phenomenon involving three-dimensional vortex stretching. Due to the
complex relation and interaction between the various characteristic quantities of this phenomenon, even the smallest turbulent
structures (Kolmogorov structures) exert inﬂuence on the ﬂow as
a whole. Therefore, for the prediction of the velocity ﬁeld, these
small structures must be considered, demanding a high computational cost. To overcome this restriction and still maintain a reliable mathematical representation of this phenomenon, the Large
Eddy Simulation (LES) method was formulated. This method was
proposed based on the fact that in the small structures in high Re
ﬂows, Re, the turbulent structures present a more universal behavior.
In its ﬁrst formulation, Smagorinsky [25] considered the hypothesis of proportionality between the modeled SGS stress tensor,
τ M , and the ﬁltered rate-of-strain tensor, 
S. Despite reasonable results for several related cases, Smagorinsky’s model fails when the
turbulent ﬂow is bounded by one or more solid surfaces, and the
ﬂow ﬁeld becomes more complex. Due to this complexity added to
the velocity ﬁeld, the ﬂow presents inhomogeneity and anisotropy
that are responsible for the generation of an energy transfer in the
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physical space where the energy sources will behave differently
depending on the distance from the wall [1]. The Smagorinsky’s
SGS model imposes an alignment of the eigenvectors and a proportionality of the eigenvalues of the modeled SGS stress and 
S. These
restrictions lead to inconsistencies inherent to the structure of the
corresponding model. Hence, special treatments are needed, especially in regions close to walls [6,17]. In other words, the eddy viscosity models based on the direct relationship between the modeled subgrid Reynolds stress tensor and rate-of-strain are poor and
cannot predict correctly the exchange of turbulent kinetic energy
between the resolved scales and the small structures. According to
Meneveau and Katz [16], even by considering an exact turbulent
viscosity ﬁeld in the Smagorinsky closure model, τ M still could not
be well predicted.
Due to the limitations found in the linear closure model, more
complex subgrid models have been developed to improve the
prediction of the SGS stress tensor, τ , and to capture the SGS
anisotropy, see [4,15,22,30]. Silvis et al [24] proposed a systematic
approach to develop SGS models where requirements were established to enhance the representation eﬃciency of the small unresolved scales.
Besides the traditional SGS methods depicted above, we can
ﬁnd other branches of LES. The Implicit LES (ILES) has the advantage of not needing explicit parameters, i.e. no SGS model is added
to the ﬁltered equations, and the numerical truncation is responsible for the energy balance in the highest wavenumbers. According to Margolin et al. [14], it is mainly applied to ﬂows with high
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Table 1
Overview of DNS parameters.
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 is the skew-symmetric part of the mean velocity gradiwhere W
 S is the rate-of-rotation of the
ent (the mean vorticity tensor). 
eigenvectors of 
S.

6.6
5.4

Then, the modeled deviatoric part of τ , τ M , is expressed as
function of 
S, 
P , and the grid dimension, . A general form of the
tensorial function can be obtained. It consists of a tensor polynomial expansion with six elements and its coeﬃcients. By using the
representation theorems, the most general model is given by:

Re. The Monotone Integrated LES (MILES) method, implicitly uses a
suitable SGS model with a particular class of high-resolution methods [3]. Different kinds of analyses have shown a good correlation
with experimental results [8]. In the case of Very LES (VLES), only
the large, anisotropic scales are computed. Successes of VLES are
reported by Orszag and Staroselsky [18]. The Temporal LES (TLES)
approach uses ﬁltered equations where a deconvolution method is
applied to the time-domain [21]. Reasonable agreement with DNS
was obtained by Thais et al. [26].
From the perspective of Reynolds Averaged Navier-Stokes Equations (RANS equations), several nonlinear closure models were proposed, e.g. [7,29]. Thompson et al. [29] proposed a new approach
to evaluate the Reynolds stress dependence upon mean kinematic
tensors and to measure the eﬃciency of a new closure model for
RANS, where the non-persistence-of-straining tensor is employed
to compose a nonlinear polynomial closure model. The combination of this tensor with the rate-of-strain tensor was shown to be
able to predict anisotropies present in wall-bounded ﬂows [29].
Since the ﬁrst works using LES, experimental and DNS data sets
have been extensively employed to test SGS models. This type of
model test was introduced by Piomelli et al. [19] and was called as
“a priori test”. In the literature, many authors applied the a priori
test in several situations, see [5,10,11,20,32].
In this context, the present work proposes and evaluates a
novel nonlinear subgrid closure model based on the ﬁltered ﬁeld of
the rate-of-strain and the non-persistence-of-straining tensor, a set
of objective tensors. We employed DNS of turbulent plane channel
ﬂow at two different friction Reynolds numbers, namely, Reτ = 180
and 590. In order to predict the maximum correlation that the proposed model can achieve, a mathematical procedure is applied to
determine the set of scalar coeﬃcients based on the minimization
of the discrepancy between the exact and the modeled SGS stress.

τiM∗
j =

6


βk Ti(jk) ,

(2)

k=1

M δ and T (k ) are given by:
where τiM∗
= τiMj − 13 τkk
ij
j
ij

Ti(j1) = −2 |
S|2 δi j
(3 )
2 
T
= S S
ij

ik k j

i j
Ti(j5) = 2 P

Ti(j2) = 2 |
S|
Si j
(4 )
2 
T
=  |P |δi j
ij

(3)

P

Ti(j6) = 2 |
P |−1 P
ik k j ,

and
the tensor norms are given by |
S| =
 βk are scalar coeﬃcients,

2
2
2tr(S ) and |
P | = 2tr(P ).
This kinematic criterion 
P is local, objective, and is not restricted to particular classes of ﬂows. It has proven to well predict
anisotropies that are present in turbulent ﬂows [29]. Besides the
characteristics listed above, it is worth mentioning that the nonpersistence-of-straining tensor is orthogonal to 
S. In other words, it
means that 
P can attain regions in the tensorial space not reached
by 
S.
The non-persistence-of-straining tensor captures the local characteristic of the ﬂow to avoid being persistently stretched. In this
sense, when this tensor vanishes the material ﬁlaments that are
aligned with the eigenvectors of 
S have the tendency to continue
this alignment. However, a non-vanishing 
P indicates a stretch relieving in the sense that the material ﬁlaments aligned to the principal directions of 
S tend to avoid this state. Therefore, as 
S is increased, the local ﬂow deﬁes the directional tendency dictated by

S.
Since the inﬂuence of each tensor in the tensorial basis from
Eq. (2) is not yet known, ﬁve simpler models derived from the
general form can be proposed. The simpliﬁed models comes from
the fact that, regarding RANS approach, the set of tensor basis
composed by S, SS, P and P P is able to totally reproduce the
anisotropic Reynolds stress [29]. The proposed Models I − V are
given by the following expression:

2. Direct numerical simulations
In order to establish SGS stress model evaluation, DNS simulations of fully developed turbulent plane channel ﬂow were provided in the present work. Here we present the main characteristics of the applied code.
The Navier-Stokes equations is solved with periodic boundary
conditions on a hybrid spatial scheme that includes Fourier spectral accuracy in two directions (x and z) and sixth-order compact
ﬁnite differences for ﬁrst and second-order wall-normal derivatives
(y). Spatial averaging is taken in the two homogeneous channel direction (x, z ). Convergence of the averaged data is evaluated according to Andrade et al. [2]. The full description of the employed
algorithm can be found in Thais et al. [27].
Table 1 details the database parameters of the numerical simulations for the different Re. The presented parameters are Re, domain size, number of grid points, and mesh resolution.

τiI∗j = −β2 Ti(j2) ,
τiIIj ∗ = β1 Ti(j1) − β2 Ti(j2) + β3 Ti(j3) ,
τiIjII∗ = β1 Ti(j1) − β2 Ti(j2) + β3 Ti(j3) + β5 Ti(j5) ,

(4)

τiIVj ∗ = −β2 Ti(j2) + β5 Ti(j5) ,
τiVj ∗ = −β2 Ti(j2) + β4 Ti(j4) + β5 Ti(j5) + β6 Ti(j6) .
where the superscript ( )∗ indicates the deviatoric part of a tensor.
It is worth mentioning that Model I become the Smagorinsky’s
model by considering β2 = 2CS2 .

3. Methodology

3.2. A priori test in turbulent plane channel ﬂow

3.1. The novel nonlinear subgrid model

By means of the a priori test, the modeled SGS stress τ M must
i sampled on the
be evaluated based solely on the velocity ﬁeld u
 ) used in the ﬁltering process. Due to
coarse grid (of mesh size 
this fact, ﬁrstly it is needed to split the velocity ﬁeld into resolved

and SGS components by calculating 
ui and u
i u j where the tilde ()

The present approach expresses the anisotropic part of τ for
LES as a function of the resolved rate-of-strain tensor 
S and the resolved non-persistence-of-straining tensor 
P , where 
P is given by.
2

J.R. Andrade, R.S. Martins, R.L. Thompson et al.

Mechanics Research Communications 113 (2021) 103671

 . Several sensible choices for the functional
is a ﬁlter at scale 
form of the spatial low-pass ﬁlter, G, can be found in the literature;
e.g. [16,31]. In the present work, the ﬁltering operation is made
by using the box ﬁlter in the homogeneous (periodic) directions.
 = (a/b)
The box ﬁlter is applied to a grid with sides of length 
 is the mesh spacing in the current node of the coarse
where 
grid and a > b.
Three different resolutions of coarse grids were applied. Their
grid spacing is about two, four, and eight times the grid spacing of
˜ = { 2, 4, 8} .
the corresponding DNS grid, i.e. 
Since we are dealing with a turbulent plane channel ﬂow, the
model coeﬃcients βk (Eq. (2)) found in the a priori test are assumed to be constants in time and in wall-parallel planes (xz)
and vary only in the wall-normal direction as a function of the
wall distance (y). Then, by setting the βk to be constant on plane
xz, the model coeﬃcients are updated and are given by Ck (y ) =
βk (x, y, z ), where   is the average computed in the xz-plane.
Thus, Eq. (2) Is given by:

τ

M∗
ij

= −C1  |
S|
2

2

Fig. 1. Proﬁle of τ12 scaled by u2τ across channel half-width at Reτ = 180 compared
to Majander and Siikonen [13] and Salvetti and Banerjee [23].

δi j + C2  |
S|
Si j
2

2 
Sik Sk j

+ C4 2 |
P |δi j
2
2  −1  
+ C5  Pi j + C6  |P | Pik Pk j .
+ C3 

Present work
Present work
Present work
Majander and Siikonen (2002)
Majander and Siikonen (2002)
Salve and Banerjee (1995)

alyze the correlation between both tensors, a normalized parameter, RM , is employed. This parameter measures how important is
the tensor τ M when compared with tensor τ and can be found
in Thompson [28]. Its quantity varies from 0 (orthogonality) to 1
(congruence), depending on the correlation between both tensors.
All variables presented in the results section are averaged in several parallel-to-wall plans, varying on the wall-distance. The averaged variables are presented as φ, where φ is a generic variable.

(5)

The developed procedure to determine Ck coeﬃcients is described next.
3.3. Model coeﬃcients estimation based on SGS local error
The general and complete SGS model depends on unknown
coeﬃcients that are required to estimate the energetic inﬂuence
of the SGS on the mean ﬂow. In order to compute these coeﬃcients, a SGS local error tensor E τ can be deﬁned by computing
the difference between the modeled and the exact SGS stress, i.e.
Eτ = τM − τ.
We now introduce the SGS local quadratic error function, Qτ =
tr(E τ · E τ ). In order to apply the least square method [12] to minimize E τ , we set ∂ Qτ /∂ Ck = 0 for each coeﬃcient from Eq. (5). It
leads to a set of six mathematical expressions which gives rise to
a system of linear equations that can be solved to estimate the
model coeﬃcients:

⎡

Ti(j1) Ti(j1)

⎢ (2 ) (1 )
⎢T T
⎢ ij ij
⎢
⎢
..
⎢
.
⎣
Ti(j6) Ti(j1)

···

Ti(j1) Ti(j6)

···

Ti(j2) Ti(j6)

..

..
.

.

···

Ti(j6) Ti(j6)

⎧
⎤
⎧ ⎫ ⎪ τi j T ( 1 )
ij
⎪
⎪
⎥⎪
⎪ C1 ⎪
⎪
⎪
⎪
⎪
(2 )
⎥⎪
⎪
⎪
⎪
⎥⎨ C2 ⎬ ⎨ τi j Ti j
⎥
⎥⎪· · ·⎪ = ⎪ ..
⎥⎪
⎪ ⎪
⎪ ⎪
⎪ .
⎦⎪
⎩ ⎪
⎭ ⎪
⎪
⎪
C6
⎩ τ T (6 )
ij ij

4.1. Filtered data
Regarding the inﬂuence of the ﬁltering process in the modeled
SGS stress tensor, Fig. 1 reports the comparison of the exact stress
components τ12 at Reτ = 180 with results of Majander and Siikonen [13] and Salvetti and Banerjee [23], where τi j = u
ui 
u j.
iu j − 
It can be noted that the peak of the τ12 , localized at y+ ≈ 22, is
close to the reference results. In all cases, τ12 reaches a peak at the
buffer layer and decreases at the same rate, vanishing at the center of the channel. As expected, the buffer layer has shown to be
the most important region, where are found the peak of turbulent
kinetic energy and the maximum ratio of production to dissipation
of the turbulent kinetic energy [1].
In order to analyse the results, we deﬁne four different regions
depending on y+ , i.e., I - viscous sublayer (0 < y+ < 5 ), II - buffer
layer (5 < y+ < 30 ), III - log-law region (y+ > 30 ) and IV – outer
layer (y+ > 50 ).
According to Cimarelli and De Angelis [4], the most important
feature of the SGS models should be their ability to accurately
reproduce the energy transfer between resolved and SGS scales
(Pr = τi j 
Si j ). In a wall-bounded turbulent ﬂow, the physical process
of Pr can behave very differently depending on the range of scales
removed by the ﬁlter and on the wall-distances considered [9]. To
evaluate the different behavior of Pr , Fig. 2 presents the comparison of turbulent kinetic energy transfer from the large to the small
structures Pr for different ﬁlter widths at Reτ = 590.
Results for Reτ = 180 were omitted since, apart from the peak
intensity, no signiﬁcant difference was observed between Reτ =
180 and Reτ = 590, with each peak located in the same region
(y+ ≈ 10) in the buffer layer. This analysis is in accordance with
the results of Andrade et al. [1]. With respect to the ﬁltering inﬂuence, it is apparent that in a coarser grid, the energy injected
in the SGS scales is larger. This result can be explained by the fact
that for a coarser grid, the modeled spectral range is larger and,
consequently, the energy change is higher.

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎬

.

⎪
⎪
⎪
⎪
⎪
⎪
⎭

(6)

Since the model coeﬃcients are set to depend on the walldistance y, the averaging operation in the wall parallel plans are
applied to Eq. (6).
Eq. (6) is designated for the general model with the whole set
of proposed tensor basis, i.e. 
S, 
S
S, 
P, 
P
P and I . However, from
the proposed nonlinear SGS model it is possible to derive simpler
models with a smaller set of tensor basis. For instance, we can propose the Model I by keeping only the 
S to represent the modeled
SGS. Then we have τiM∗
= C2 Ti(j2 ) , where C2 = τi j Ti(j2 ) /Ti(j2 ) Ti(j2 ) .
j
Following the same procedure from Model I, it is possible to
estimate the coeﬃcients for the Models II, III, IV, and V . Results
presenting the evaluation of Models I to V are given in the following section.
4. Results
Herein, we present and compare the exact and the τ M components depending on the ﬁltering grid and the Re. In order to an3
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} Model I

}

Fig. 2. Proﬁle of Pr across the channel half-width at Reτ = 590.

Model V

Fig. 4. Coeﬃcients for SGS model for Models I and V .

Model I
Model II
Model III
Model IV
Model V

and eigenvalues proportion between the SGS stress and the resolved rate-of-strain tensor. The correlation coeﬃcient of Model II
is better than the Model I uniformly throughout the channel. In
this model, the eigenvector alignment between τ and 
S is imposed,
but there is no proportion between its eigenvalues.
For Models III, IV , and V , we observe a great improvement of
the correlation coeﬃcient, mainly in the region close to the wall,
where RM reaches a peak in the buffer layer. These models (III, IV,
and V) are the ones that include the tensor 
P in their composition.
On the basis of this evidence, it seems fair to suggest that this was
the most remarkable result to emerge from the DNS data since by
incorporating the non-persistence-of-straining tensor to the tensorial basis of the SGS model, the near-wall region was satisfactorily captured and considerably improved with respect to the linear
model.
To assess the correlation coeﬃcient RM , it was necessary to
compute the model coeﬃcients Ck . Fig. 4 presents Ck for Models
I and V, the worst and the best models, respectively.
Model V is composed by more components in its tensorial basis than Model I. One can notice that the coeﬃcient C2 for both
models (I and V) have similar behavior. This fact indicates that the
 and |
P

tensors |
P | δi j , P
P |−1 P
ij
ik k j do not affect the role of the tensor |
S|
Si j in the SGS model. It is possibly explained by the property of orthogonality between 
S and 
P , as was mentioned in the
Section 3.1.
It can also be seen that coeﬃcient C2 tends to be more important in the outer layer whereas the other coeﬃcients have their
peaks in the buffer layer. This result is consistent with previous
ones from literature, for which it was found that the tensor P promotes a better improvement in the buffer layer [29].
Fig. 5 compares the τ11  and τ12  components of the SGS tensor as predicted by Model I and Model V for the case at Reτ =
590 with the “exact” SGS tensor obtained from the DNS.
From this ﬁgure, we can observer that the exact τ11  component is positive and reaches its peak at y+ ≈ 11, while τ12  is
always negative and has its maximum intensity at y+ ≈ 25. Concerning τ11 , it was found dramatic differences between Model I
and the exact data, since this model predicts a negligible normal
11-component. On the other hand, Model V shows a peak of similar magnitude at a point near the one of the exact tensor. We observe from Fig. 5-(b) that both models are quite similar to the exact τ12 -component. This ﬁnding conﬁrms the importance of the
non-persistence-of-straining tensor in the composition of the modeled SGS stress tensor basis.

Fig. 3. Correlation coeﬃcient, RM , applied to Models I to V at Reτ = 590.

4.2. Nonlinear subgrid (SGS) model
In what follows, we conduct an analysis of the proposed nonlinear SGS models. As was described in Section 3.1, ﬁve models
were proposed based on the complete tensorial basis. Except for
the peak intensity, no great differences were found between the
different ﬁltering width and Re. Hence, in this section we show re = 4 and Reτ = 590.
sults for ﬁlter 
The correlations between the exact and τ M , RM , are illustrated
in Fig. 3. This set of analyses investigates how close the modeled
tensor can get to τ .
These tests revealed that there is an important gain in the correlation between τ and τ M when a more complex nonlinear SGS
model is applied. From this ﬁgure, we can notice that the Models III and V present the most signiﬁcant positive correlation. They
reach a maximum value of RM ≈ 0.76 and a minimum of RM ≈
0.53. Model I, the linear SGS model, was found to be the worst
one. The black curve in Fig. 3 shows that the correlation tends to
zero around the viscous sublayer regions with a maximum value
of RM ≈ 0.24 at the outer layer.
This result indicates the poor correlation between τ and 
S in
the whole channel, reaching the lowest values in the near-wall
region. This behavior can be attributed to the highly anisotropic
behavior of the smallest scales in the region [1]. These results
were expected since Model I imposes an eigenvector alignment
4
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